NON-EXISTENCE OF (76,30,8,14) STRONGLY REGULAR GRAPH AND
SOME STRUCTURAL TOOLS

A. V. BONDARENKO, A. PRYMAK, AND D. RADCHENKO

ABSTRACT. Our main result is the non-existence of strongly regular graph with parameters
(76,30, 8,14). We heavily use Euclidean representation of a strongly regular graph, and develop
a number of tools that allow to establish certain structural properties of the graph. In particular,

we give a new lower bound for the number of 4-cliques in a strongly regular graph.

1. INTRODUCTION

Let G = (V, E) be a finite, undirected, simple graph with vertices V' and edges E. The graph
G is strongly regular with parameters (v, k, A, ) if G is k-regular on v vertices, such that any two
adjacent vertices have A common neighbors, and any two non-adjacent vertices have y common
neighbors. It is not known in general for which parameters (v, k, A, ) strongly regular graphs
exist. One can easily deduce certain necessary conditions on the parameters (see Section ,
but the pattern of the known results is still far from being understood, see |Bro| for a list of
results for v < 1300. There are only three unknown cases for v < 76, namely, (65, 32,15, 16),
(69,20,7,5), and (75,32,10,16). The following theorem is our main result which settles the

next unknown case.
Theorem 1.1. There is no strongly regular graph with parameters (76,30, 8,14).

Some numerical evidence for non-existence of this graph was given in [Deg07, Section 6.1.6,
p. 204], which involved a significant (and not exhaustive) computer search.

Let us outline the structure of the proof. Assuming the existence of such a graph G, we first
show that it must contain a 4-clique (complete graph on 4 vertices) as a subgraph. This is
a crucial first step, which then allows to show that G contains a much larger “nice” induced
subgraph: either a (40,12,2,4) strongly regular graph, or a 16-coclique (empty graph on 16
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vertices), or a complete bipartite graph Kg 1 (two parts of 6 and 10 vertices, with an edge
between vertices if and only if the vertices are from different parts). In what follows, by a
subgraph we always mean the induced subgraph. Each of these three cases is treated differently
but ultimately leads to a contradiction. The last two cases were completed using machine-
assisted searches with total running time of under two hours on a personal computer. We would
like to emphasize that our methods are primarily analytical and establish strong structural
properties of the graph. Use of computer is minor as we need to run a very insignificant
verification.

To establish such strong structural properties of GG, we developed a number of tools which
use the Euclidean representation of a strongly regular graph as a system of unit vectors in a
finite-dimensional Euclidean space (see Section [2| for the definitions). The tools are presented in
Section [4] with complete statements and proofs. Most of the statements involve quite technical
computations, so for convenience we implemented these computations as easy-to-use functions
in SageMath ([ST13]) computer algebra system, see [BPR] for downloadable worksheets. While
our tools may be applied for any strongly regular graph, we observed non-trivial corollaries
mostly for graphs which have 2 as an eigenvalue.

Another result of possibly independent interest is a lower bound on the number of 4-cliques
in a strongly regular graph, see Theorem The proof is based on Euclidean representation
and on a relation to spherical harmonic polynomials. The bound that we obtain contains quite
lengthy expression involving parameters of the strongly regular graph, so we provide a table
of the resulting (numerical) bounds on the number of 4-cliques for all admissible v < 1300
in [BPR]. While for some situations this estimate may be trivial or easy-to-obtain by other
methods, for our (76,30, 8, 14) strongly regular graph it shows that there exist at least 39 4-
cliques, and we do not know any other proof for this special case (for the proof of Theorem
we only need the existence of one 4-clique).

The paper is organized as follows. We describe some preliminaries and notations in Section [2|
Then we establish our lower bound on the number of 4-cliques (Theorem in Section .
Auxiliary tools arising from the Euclidean representation of the strongly regular graphs are
stated and proved in Section [ which also includes some specific computations for the case
(76,30,8,14). In Section we reduce Theorem to one of the three main cases, which are
treated in Sections [0} [7] and



NON-EXISTENCE OF (76,30,8,14) STRONGLY REGULAR GRAPH AND SOME STRUCTURAL TOOLS 3

2. PRELIMINARIES

Throughout this section let G = (V, E') be a strongly regular graph (SRG) with parameters
(v, k, A\, ). By N(7) :={j : (i,j) € E} we will denote the set of all neighbors of a vertex i € V.

2.1. Spectral properties. The incidence matrix A of GG has the following properties:
(2.1) AJ=kJ, and A?+(p—NA+ (u—k)I=pul,

where [ is the identity matrix and J is the matrix with all entries equal to 1. These conditions

imply that
(2.2) (w—k—1Dpu=Fkk—-X-1).

Moreover, the matrix A has only three eigenvalues: k of multiplicity 1, a positive eigenvalue

(2.3) r=g (At VO G )

of multiplicity

(2.4) f=

(v—l— 2% + (v —1)(\ — p) )
VO =2 +4k—p) )

N —

and a negative eigenvalue

(2.5) s=5 (\ou— VO PG )

of multiplicity

L )0
> =3 (e )

Clearly, f and g should be integer. This together with (2.2)) gives a family of suitable parameters
(v, k, A\, ) for strongly regular graphs. The reader can refer to [BH12, Section 9.1.5] for the

proofs of the above relations.

For (v, k,\, 1) = (76,30, 8,14), we have r/ = 2°7 and s9 = (—8)'%.
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2.2. Euclidean representation. Now we will construct an Euclidean representation of G in
R9. Take the columns {y; : i € V'} of the matrix A — rI and let z; := 2; /2|, where
1 :
Zi:yi_wzyja eV,
ViZe

and ||z :== (z - Zi)1/2

. Here and below z - y will denote the dot product of x and y in the
corresponding Euclidean space, and |V| denotes the number of elements in a set V.

It is straightforward to verify that this set of vectors {x; : ¢ € V'} C RY satisfies the following
two properties. First, there are only two possible non-trivial values of the dot product depending

on adjacency:
1, ifi=y,

(2.7) Ti-T; =4 p, ifiand j are adjacent,
q, otherwise,

where p and ¢ are real numbers from the interval (—1, 1), namely
(2.8) p=s/k, and ¢=—(s+1)/(v—Fk—1).
The second property is that the set {z; : i € V'} forms a spherical 2-design, i.e.,
o eV _

(2.9) le =0, and Z(xl cy)°=-— foranyuy, |y]]=1.

eV eV g
For more information on the relations between the Euclidean representation of strongly regular
graphs and spherical designs see, e.g., |[Cam04].

One of the key facts that we will use for developing our tools is the following evident propo-

sition.

Proposition 2.1. Fach subset {x; : i € U}, where U C V', has a non-negative definite Gram

matrix (xi~a:j)ij€U of rank equal to the rank of the linear span of {z; : i € U}, which is

at most g. If A is the adjacency matriz of the subgraph induced by U, then (z; - x;)
pA+I+q(J—1—-A).

ijeu

Another observation that we will use is that

1

2.1 R

Z xj, foreachieV.

JEN(3)
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Indeed, for arbitrary [ € G, it straightforward to check that (kpz; —>_ ey 25) - 11 = 0 (using,

in particular, (2.2) and ([2.8])).

Remark 2.2. One can construct an Euclidean representation of G’ in R which will posses similar
properties. This can be done by considering the complement of G, which is a strongly regular

graph with parameters (v,v — 1 — k,v — 2k + u — 2,v — 2k + \); then f and ¢ interchange.

For (v, k, A\, u) = (76, 30, 8,14), the Euclidean representation in R'® has dot products (p, q) =

4 7
(—% 5

products (p, q) = (5, —3), see ([2.7) and (2.8).

), and the Euclidean representation in R®" (obtained through the complement) has dot

2.3. Vertex partitions. Let 7 = {G1,...,G;} be a partition of a subset V C V of the vertices
of a graph G = (V, E). We define the edge matriz £ = (a;;); ;_; of the partition 7 by assigning
a; ; to be the number of edges (x,y) € E such that z € G; and y € G;. In particular, a,; is the
number of edges in the subgraph induced by G;. As &, is symmetric, in what follows we will
often not list the entries that are below main diagonal.

A partition 7 is equitable if there exist non-negative integers b; ;, 1 < 1,7 <[, such that any

g
vertex x € G; has exactly b; ; neighbors in G, regardless of the choice of . The degree matriz
of mis D, := (b; j). Clearly, there is a relation to the entries of the edge matrix: a;; = b;;|G;|/2,
and a; ; = |G;|b;; = |G,|bj; for i # j. Any graph possesses an equitable partition of all vertices
where each part consists of exactly one vertex: [ = |V| and |G;| = 1, then D, coincides with
the adjacency matrix of G. We are primarily interested in less trivial equitable partitions, and
often this will happen on a relatively small subset of vertices V.

For a strongly regular graph GG, some non-trivial relations on &, for any partition 7 and on D,

for any equitable partition 7 are derived from the Euclidean representation of G in Section [4]

3. LOWER BOUND ON THE NUMBER OF 4-CLIQUES

We begin with some preliminaries from harmonic analysis.

3.1. Spherical harmonic polynomials. A homogeneous real algebraic polynomial of degree
t on R" is a real linear combination of monomials ' ... 2% where t,...,t, are non-negative

integers with sum t. Let A be the Laplace operator in R"
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An algebraic polynomial P on R" is said to be harmonic if AP = 0. For integer ¢ > 1, the
restriction to the unit sphere S"~! in R" of a homogeneous harmonic polynomial of degree ¢ is
called a spherical harmonic of degree t. The vector space of all spherical harmonics of degree ¢
will be denoted by P, ;. Various properties of spherical harmonics can be found, for example,
in [DX13], Chapter 1].

We can equip P, with the inner product

(P.Q) = [ P@Q@) i),
where p,, is the Lebesgue measure on S"~! normalized by u,(S""!) = 1. By the Riesz rep-
resentation theorem, for each point z € S™ !, there exists a unique polynomial P, € P,,
satisfying

(P, Q) =Q(x) forall Q€ Py

This spherical harmonic P, can be conveniently expressed using the Gegenbauer polynomials
CI(€) with a = (n—2)/2. The polynomials C*(¢) are orthogonal on [—1, 1] with the weight
(1 —£2)2=1/2 and can be defined from the generating function

1—22 d t+ « (a)
=y =)
(1 =26z +22)0F1 &= q e (9,

or in many other ways |[DX13, Appendix B.2]. Now, for z,y € S"!, we have (see, e.g.,
[DX13) Lemma 1.2.5, Theorem 1.2.6]):

_2t+n—2

(P, B)) = Zng(a-y),  where  Z,() = ———=—C{"1().

Note that (P,, P,) depends only on z -y, which also easily follows from the fact that the space
P, is rotation invariant. The spherical harmonic Z, ;(x - y) (with fixed x € S"~1 as a function
of y € S 1) is referred to as a zonal harmonic.

Using the Cauchy-Schwarz inequality in P, ¢, for any finite sets of points {z; }iez and {y;};es

from S™~!, we obtain

i€Z,jeJ 1€T jeTJ
< <2wam> <2wazPyj>
i1€T i€T JjeET €T

= Z<le7lel> Z <Pyj7Pyj/>‘

i,5'€1 J33'ed
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Rewriting this in terms of the polynomials Z, ;, we obtain (recall that z;,y; € S"1)

(3.1) ( >y Zn,t(:ci-yj)> < (Z Zn,t(xi-:w)) (Z Zn 1 -yjf))-

€L,jed i,i'€T J3i'ed
This inequality with ¢ = 4 and proper choice of x;, y; arising from the Euclidean representation

of a strongly regular graph will play a crucial role in the next subsection.

Remark 3.1. The inequality is valid whenever the function Z, ; is positive definite in S™!
in terminology of [Sch42]. Any finite positive linear combination of Gegenbauer polynomials
cfn=2/2) (with fixed n and different t) is positive definite in S"~!. On the other hand, any
positive definite function in S™! is a series of Gegenbauer polynomials with non-negative

coefficients, see [Sch42, Theorem 1].

3.2. Bound. Let G = (V, E) be a strongly regular graph with parameters (v, k, A\, ). Recall
that for any vertex x € V we let N(z) be the set of all neighbors of x. Also let N'(x) be the
set of non-neighbors of z, i.e. N'(x) =V \ ({x} UN(z)). For any adjacent vertices x and y, we

consider the following vertex partition of V' \ {z, y}
m:={N(z) N N(y), N'(x) "N (y), N(x) N N'(y), N'(z) 0 N'(y)}-

Let & = (a;;) be the edge matrix of 7. Now we will prove a statement expressing all entries
of & using the parameters of our strongly regular graph and the value of a; ;. While the proof

is rather straightforward using strong regularity of G, we include it for completeness.

Proposition 3.2. With the above notations, let a := a, ;. We have

a AM(A—1)—2a A(A—1)—2a A(k—2))+2a
A2 4 (1) (k=A—1)=A(A—1)42a (k=) (k—=A—1)—A(k—2X)—2a
En = AE=2A) 1 (k—p) (k—A—1)—A(k—2\)—2a

BQ=ZRN) _(h—pa) (h—A— 1)+ 2520 4 g
Proof. By the definition of G we have |N(z) N N(y)| = A, hence |[N'(z) N N(y)| = |N(z) N
N(y)l=k—X—1,and |[N'(z) N N'(y)| = v —2k + X. For each z € V denote by a,, b., and c,
the number of its neighbors in N(z) N N(y), in N'(z) N N(y), and in N'(x) N N'(y) respectively.
First we compute a; 5, which is the number of edges between N(x) N N(y) and N'(x) NN (y).
For any vertex z € N(z) N N(y), z and y have exactly A common neighbors in G, therefore

a:+b.=XA—1, andhence Y  a.+ > b.=AA-1).

z€N(z)NN(y) zEN (z)NN (y)
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So,
wa= Y b.=AA-1)-2a

2EN(z)NN (y)
Due to symmetry of the arguments, the same computation applies to a; 3 yielding the same
result, so a; 3 = a; 9.
Next we compute aso, which is the number of edges in N'(z) N N(y). For any vertex
z € N'(x) N N(y), z and y have exactly A common neighbors in V', so
a,+0b, =\, and hence Z a, + Z b, =ANk—X—1).
2EN'(z)NN () 2EN'(z)NN(y)
Already computed expression for a; , means that
(3.2) Y a=AMA-1)-2a
2EN'(z)NN (y)
Hence,
1 Ak —2X)
a2 5 ZEN/%;W@) b, + a.
Again, we automatically obtain as s = as .
Now we consider a3 (the number of edges between N'(z) N N(y) and N(x) N N'(y)). As
before, for any vertex z € N'(z) N N(y), z and y have exactly 4 common neighbors in V| so

a,+b,=p—1, and hence Z a, + Z b, =(u—1)(k—X=1).

2z€N'(x)NN (y) 2€N'(z)NN (y)

Using (3.2)), we conclude

as= Y  bo=(u-1)(k-A-1)=AA-1)+2a

z€N'(z)NN(y)
Next we count ay 4 (the number of edges between N'(x) NN (y) and N'(z) N N'(y)). Counting
all edges coming from N'(z) N N(y), we get immediately
Q24 = (]{7 — 1)(k' — A= 1) — Q23 — A2
=k-1Dk-2-1)—(pu—1k-2A=1)+XXA—=1)—2a— Ak —2)) —2a — AXA—1) + 2a

=(k—p)k—=X—=1) = Ak —2)\) — 2a.

Symmetry gives az4 = a2 4.
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To compute a; 4 (the number of edges between N(z) N N(y) and N'(x) N N'(y)), we count
all edges coming from N(z) N N(y). We get

Q14 = )\(kf — 2) — Q12 —a13 = )\(k‘ — 2)\) + 2a.

It remains to evaluate as4, which is the number of edges in N'(z) N N'(y). We count all

edges coming from N'(x) N N'(y), and obtain

1
CL474 = §(k'(1} — 2k + )\) — CL1,4 — a2,4 — CL374)

:w—(/ﬂ—u)(/ﬂquwm.

Proposition [3.2 is proved. O

Our intention will be to apply , where we choose z; € R to be the Euclidean representa-
tion of ¢ € V (satistying (2.8)) for all |V| = v vertices of the graph, and y; := % for all
|E| = % edges j € E, here j joins the vertices j1), j®) € V. Note that ||lz;a) +z,0 | = 2+ 2p.
We proceed by computing and introducing notations for certain components of . Note that
in our settings n of is g.

Fixing a vertex i € V| we can have three possibilities: ' =i, i € N(i), or i’ € N'(i). Then,

clearly,

(3.3) >z, = 0(Zgs(1) + kZys(p) + (v — k — 1) Zy4(q)) = Wa(v, k, A, i, ).

i, eV

Next, we fix a vertex i € V. There are k edges which join ¢ and a vertex in N(i). There are % “

edges joining some two vertices of N(i). Next, some (v — k — 1)u edges are between N (i) and

N'(i). Finally, we have M edges in N'(i). Thus, we obtain

Zoali ) = Okl Zot \ o — k= DpZy, | ———m—
eVZJeE les ) = (v2+2p>+ 2 ”(m) ol # ”(m

—k—1)(k— 2
(3.4) G JE—p), ( q

2 V24 2p

If j € E joins z,y € V, we denote by n; the number of edges in N(z) N N(y). Clearly,

) =: Ug(v, k, A, 1, 1).

> jegnj = 6N, where N is the number of 4-cliques in G. Fixing j € E, considering various
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cases for j' € E and using Proposition [3.2, we obtain

14+ 3p 1+2p+q¢
Z Zgt(yj - yy) = Z (Zg,t(l) +2X g (m) +2(k = A=1)Zy, (W)

JJ'eE JEE

4

24+ 2p

3p+q
24+ 2p

2p + 2¢q
) + (A(k—2)) + 2nj)Zg’t ( 2T >
2p + 2q
24+ 2p

(g = 1)(E = A—1) = XA — 1)) + 20,)Z,, (

p+3q 2p +2q
+2((k — p)(k — A —1) = Mk — 2\) — 2n;)Z, <2 " 2p) + (k= 2X) +2n;)Z, ( 2T 2p )
k(v — 2k + ) Ak —2)) 4q
+(f_(k_'u)(k_)\_l)+T+nj Zg,t 2+2p
(35) = \IJC'()(Uaka)‘vuvt) +N\I/C1(v’k7)\’u7t)’
where
ok 1+ 3p o 1+2p+q
(36> \IICO(U7 k? )\7/’[‘7t) T 2 (ngt(:l) + 2>\Zg’t (2 + 2p) + 2<k; )\ ]->Zg,t ( 2 + 2p >
3p+q 2p+2¢q
+2A\ = 1)Z,, (m) +((p—=D(k=A=1) = AA=1)+2Xk —2X))Z,: < 2+2p)
p+3q
F2((k = p)(k =X —=1) = Mk — 2X)) Zy, (2 n Qp)
k(v — 2k + X) A(k —2X) 4q
+(—2 —(k—p)(k—=X=1)+ 5 Zgu 22
and
4
4 4—-1Up+lq
. _1) ALY/
(37) \IJC&(Uaka A?ﬂa t) = 6;( 1) (l)Zg,t ( 2+ 2]9 :

Now we are ready to state and to prove our bound.

Theorem 3.3. Let N be the number of 4-cliques in a (v, k,\, ) strongly reqular graph. Then

for any positive integer t one has
(\IIB(Ua ka )‘7 ;s t))2 < \I/A(’U, k7 )\7 K, t) (\IJCO (U7 k7 >\7 K, t) + N‘chl (U7 kv >\7 K, t)) )
where W, Vg, e, and V¢, are defined in (3.3), (3.4), (3.6) and (3.7).

Proof. If G = (V, E) is the given graph, let x; € RY be the Euclidean representation of ¢ €
V =: T (satistying (2.8))), and let y; :

T (1) TT(2)

= T # 2 for each edge j € E =: J, where j joins
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the vertices j(M, j® € V. The required estimate is exactly (3.1]) with the notations introduced

in , and . U

For our applications, we choose t = 4. The resulting bound on N can be expressed in terms of
a rational function of k, r, s of degree < 10 in each variable (here r and s are the corresponding
eigenvalues, see and ) The expression for this rational function is quite lengthy and is
provided in [BPR], where one can also find a table of non-trivial bounds on N for all admissible
v < 1300.

The following is an immediate corollary of Theorem [3.3 needed for the proof of Theorem [1.1]

Corollary 3.4. Any SRG(76,30,8,14) contains a K.

Moreover, the bound from the Theorem provides N > %, so N > 39. In this case,

in (3.3)-(3.7) we have Z,,(£) = Z15.4(£) = 54 — 2160&2 + 7920&%).

4. TOOLS AND SOME COMPUTATIONS

Throughout this section, let G be a (v, k, \, i) strongly regular graph.

4.1. Relating frequencies of certain edge counts. Our first lemma relates the frequencies
of degrees in an induced subgraph with frequencies of quantities of edges joining a vertex from

outside the subgraph with vertices inside the subgraph.
Lemma 4.1. Let H be a subgraph of G, m = |H|, define

d; .= |{x € H : there are exactly j edges from x to vertices in H}|

bj :=|{z € G\ H : there are exactly j edges from x to vertices in H}|.

(4.2) gib,- = mk Z;d], and
(43) S ()n=(5)e-S(§)a+ 30 -0
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Proof. Counting the number of vertices in G \ H, we immediately get . For , consider
the total number of edges from G \ H to H. Finally, the left-hand-side of is the number
of paths of length 2 (say x1, 25, x3 € GG) that originate and terminate in H (z1,x3 € H) and go
through G\ H (z9 € G\ H). The number of paths x1, 25, x3 with z1, 23 € H (and x5 possibly in
H) can be computed (using strong regularity) considering two cases: if x; and x5 are adjacent,
we obtain %ijo jd; paths, and if 27 and x5 are not adjacent, we have ((ZL) — % > >0 jdj)
paths. Subtracting the number of paths of length 2 that completely belong to H, which is
> >0 (J)d;, we obtain the desired result. O

We summarize the required applications of Lemma in the following corollary, where for

simplicity all unspecified entries of the sequences of frequencies are assumed to be zero.

Corollary 4.2. Suppose (v, k, \, u) = (76,30, 8,14). With notations of Lemma the follow-
ing statements are valid.

(1) If m =4, (d;)j>0 = (0,0,0,4,...), and by =0, then (b;);>0 = (0,36,36,0,...).

(i) If m = 6, (d;);>0 = (0,0,0,0,6,...), and by = by = b = bg = 0, then (b;)j>0 =
(0,0,54,16,...).

(111) If m = 7, (dj);>0 = (0,0,0,0,6,0,1,...), and by = b5 = bg = by = 0, then (b;)j>0 =
(0,0,27,42,0,...).

() If m =7, (dj);>0 = (0,0,0,0,5,2,...), and by = bs = bg = by = 0, then (bj);>0 =
(0,0,28,40,1,...) or (b;);50 = (0,1,25,43,0,...).

(v) If m =8, (d;)j>0 = (0,0,0,0,3,4,1,...), and by = by = bs = bg = by = bg = 0, then
(b;);50 = (0,0,7,56,5,...).

(vi) If m = 8, (d;);>0 = (0,0,0,0,2,6,...), and by = by = b5 = bg = by = bg = 0, then
(b;);50 = (0,0,8,54,6,...).

Proof. While we have only three linear equations and usually more than three non-zero un-
knowns (clearly b; = 0 for j > m), we can utilize the fact that b; are non-negative integers.

(i) We have by + by + by + by = 72, by + 2by + 3b3 = 108, and by + 3b3 = 36. Subtracting the
third equation from the second we get by + by = 72, then the first one gives by = b3 = 0, so
consequently b; = by = 36 from the last two equations.

(ii) As by + 2by + 3b3 = 156 and by + 3b3 = 102, we get by + by = 54, so by + by + by = 70 yields
bs = 16. Back substitution gives b, = 54 and b; = 0.

(iii) Adding the equations by +by+bs+by = 69, by +2bs+3b3+4by = 180, and by +3b3+6b, = 153
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with the coefficients 3, —2, and 1, respectively, we obtain b; + by = 0, so by = by = 0, and the
resulting system has only one solution by = 27, by = 42.

(iv) We obtain almost the same system as in (iii), the only difference is that 153 is replaced with
154. Hence, the same linear combination of the equations now provides b; + b, = 1, yielding two
possibilities: (b1, bs) = (0,1) or (by,bs) = (1,0). Back substitution leads to two linear systems
with unique solutions for by and bs that are stated in the corollary.

(v), (vi) In these cases we have three unknowns and the system is non-degenerate, unique

solutions as stated. O

Remark 4.3. Parts (i)—(iii) of Corollary can be immediately obtained from a general re-
sult [Soil0, Theorem 1.2] on block intersection polynomials. The remaining cases (iv)—(vi)

require a different treatment, so we included all the proofs above for completeness.

4.2. Sums of vectors for vertex partitions. Let 7 = {G1,..., G} be a partition of a subset
V C V of the vertices of the graph G = (V, E) (which, recall, is a (v, k, A\, u) strongly regular
graph throughout this section). Following Section , we can use the Fuclidean representation
of G in RY (where g is defined in (2.6])) to obtain vectors X; := Ziecj x5, 7 =1,...,1. Denote
by M(m,p,q) the Gram matrix of Xj, ie., M;; == X, - X;, i,7 = 1,...,l, where p and ¢ are
from . The following lemma is straightforward from ({2.7)).

Lemma 4.4. If 7 has edge matriz &, = (a; ;)

ij=1, and mj = |G;|, then the entries of M (m, p,q)

can be computed as follows:
Mi; = m; + 2a;:p + (mi(mi — 1) = 2a;,)q,  M;; = a;jp + (mim; — a; ;)q.

As M is non-negative definite, its determinant is non-negative. We will use this fact very

frequently, so for convenience we state it in the following lemma.
Lemma 4.5. det M(7,p,q) > 0.

Let us illustrate an immediate consequence for our particular graph. By K, we denote a

complete graph on [ vertices.
Corollary 4.6. Suppose (v, k, A\, u) = (76,30,8,14). Then G does not contain Ks as a subgraph.

Proof. If G’ are the vertices of K5, then M = M({G'}, —1%, &) = (—3) and det M < 0. O
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This corollary also follows (and, in fact, it is the same proof expressed in a slightly different
language) from the Hoffman bound on the independence number applied to the complement of
G, see, e.g. [BH12, Theorem 3.5.2].

Using Corollary and Corollary (i), we will obtain a stronger statement during the

proof of Lemma 5.1} which we state here for convenience.

Proposition 4.7. Suppose (v, k, A\, ) = (76,30,8,14). Then G does not contain either Ks or

K5 — e as a subgraph, where K5 — e denotes a K5 with one edge removed.

If det M (7, p, q) = 0, the system of vectors X is linearly dependent, and we can derive even

more information.

Lemma 4.8. Suppose that for some real \j, j =1,...,1, we have Zj A X; = 0. For any vertex
z € G, let ej be the number of neighbors of z in Gj. Then

(4.4) > Nilpes +q(1Gl =€) + D N1+ pej +q(|Gy] — 1 —¢;)) = 0.
J:z€G; Jiz€Gy
Proof. Follows directly from - (3_; A\;X;) = 0. O

Remark 4.9. If z € Gy, then pé; + q(|G,| — €;) = 1+ pe; + q(|G,| — 1 —¢;) for &; = ;17%2 +e;.

Therefore, with

e, if 2 € Gj,
;%Z—i—ej, if z € Gj,
we can rewrite as

Z Ai(pé; +q(|G] —€;)) = 0.

Such unified form of (4.4) is somewhat more convenient for implementation in a computer

algebra system and is utilized in our SAGE worksheets [BPR].

Remark 4.10. Lemmas and [4.8 were stated for Euclidean representation of G in RY.
The same results are valid for Euclidean representation of G in R/ (obtained by considering the
complement of ), in which case the values of p and ¢ will change (see Remark and ([2.8))),

which may lead to different (sometimes more useful) conclusions.
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4.3. Projections. Understanding structure of systems of point sets on Euclidean sphere may
be a challenging task. It becomes easier if we are working in a space with small dimension, such
as R? or R3. A natural way to reduce the problem to such settings is to consider orthogonal
projections.

Recall that following Section [2.2] we are considering the Euclidean representation of a
(v, k, A\, i) strongly regular graph G in RY which assigns the unit vectors x; € RY to each
1 € V, satistying and other properties from Section . For any vertex j € V, we want
to compute the projection x’; of z; onto the linear subspace spanned by {z;,i € é} for some

subgraph G c G. Clearly, s is a linear combination of {z;,i € é}, and the orthogonality

conditions (2% — ;) -2, = 0, t € é, can be used to form a linear system of equations on the

coefficients of the linear combination. Namely, if

(4.5) Tl = Zaixi,
ied
where, of course, «; also depends on j and é, then

(4.6) Xy = Zaixi cxy, tEG.
ieG

All the dot products in this system can be computed by if we know the adjacency matrix

of GU {x;}, and then, if the matrix turns out to be non-degenerate, we can compute the

coefficients «;, 7 € G.

In practice, we will use the above computations in a special situation.

Proposition 4.11. Suppose m = {G1, ..., G} is an equitable partition ofé with degree matriz
Dy = (bwu) (see Section . Further assume that for every u, 1 < u <1, j is either adjacent
to each vertex of G, or disjoint with each vertex of G,. Then in we can take o; = «, for
1€ Gy, 1 <u<l, and becomes

!

(4.7) ¢+ (- Qaw=1-qQaw+ Y au(Pbuu + ¢(|Gul = bww)), 1<w<l,
u=1

where a,, € {0,1} is the number of edges from j to any vertex of G.,.

Proof. If u # w, then for t € G,, there are exactly b, neighbors of ¢t in G, so

Z Tij- Ty = pbw7u + Q(|Gu| - bw,U)'

1€Gy
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If w = w, the for t € G, there are exactly b, ,, neighbors of ¢ in G, and we have to account

for ¢ itself, so

Z i =1 +pbw,w + Q(|Gw| - bw,w - 1) = pbw,w + q<|Gw’ - bw,w) + (1 o q)

i€Gw

Our next goal is to compute the dot product of the projections.

Proposition 4.12. Suppose CC;.(D and x;.@) are projections of x;a) and x ;= onto the linear span
of {x;,1 € CNJ}, where G C G has two corresponding equitable partitions V) = {Ggl), o ,Gl(l)}
and T = {G§2), o ,Gl(z)} each satisfying the conditions of Proposition . Suppose further
that both systems admit the same solution o, = 041(}) = a£2), 1 <u<l. Then

(4.8) x;(l) : x;.@ = Z 0y (|G| + 2€0wD + (|Guw|(|Guw| — 1) — 2€40)q))
(u,w)
+ Z Qo Oy (eu,w,&,ﬁ)p + (‘Gu,wHG&,ﬁ)| - eu,w,&,ﬁ))q)
(u,w)#(8,0)

where Gy = Ggl) N G,(f), Cuw 15 the number of edges in Gy, and ey am 15 the number of
edges between G, and Gy g for (u,w) # (a,w). The first summation in (4.8)) is taken over
all 12 possible values of u and w; and the second summation is over all I* — [ values of u, w,

a, and W, satisfying (u,w) # (4, w).
Proof. From (4.5)) we have

/ /
.Ij(l)zg Qy, E x; and %(2):2 Qly E Zi.

u,w 1€Gy,w U, W 1€Gu,w

Using (as in Lemma
(au Z mz) : (aw Z mz) = CVuozw(|c;’u,w| + 2€u7wp + (|Gu,w|(|Gu,w| - 1) - 26u,w)Q))7

i€Cuw i€Cunw
while for (u,w) # (4, w)
(au Z xz) ' (OQI) Z mz) = Oy O (eu,w,ﬂ,ﬂ)p+ (lGu,wHGﬂ,ﬂJ| - eu,w,ﬂ,ﬁ))Q)a
iEGﬁ’u}

1€Gu,w

and (4.8) follows. O
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In practical applications of Proposition we will often have that the numbers of edges
between different components of G can be computed in terms of only a few unknowns, some
of which will cancel after simplifying the sums in (4.8), so the resulting formula for the dot

product of the projections will be short. Namely, we will obtain that

(4.9) 13;(1) : l’;(z) = an;w je + B

for some constants o and 8 and a certain quantity n;a) ;2 depending on the vertices j 1) and
7@ . Now we record a simple straightforward computation in the space orthogonal to the linear

span of {z;,i € G}.

Proposition 4.13. If under the assumptions of Proposition the equation (4.9) holds with

nja) j1) = 1@ @), then for the orthogonal components

iy =100 — Ty and T = T50) — The),
we have ||x;.’(1)|| = ||£L‘;,/(2)||, and the cosine of the angle between x;.'(l) and m;.'@) is
Ty - T T;0) - e — (anjo ;o + 8)
(4.10) o =
EIE (a0 +5)

4.4. Rank computation. Throughout this subsection, let G be a (76, 30,8, 14) strongly reg-
ular graph . Next series of lemmas is devoted to computations of ranks of certain subspaces
generated by linear combinations of vectors from the Euclidean representation. For a subgraph
G C G we denote by B(G) the Gram matrix (z; - ;) ;G- By Proposition , rank(lin({x;, i €
G})) = rank(B(G)). If A is the adjacency matrix of G, then B(G) = pA+ 1+ q(J — 1 — A)
by .

Lemma 4.14. If G is a 16-coclique, then rank(B(G)) = 16. If G is a K 10, then rank(B(G)) =
15.

Proof. We have p = —% and ¢ = SO B(CNJ) can be explicitly written. Computing the

e
45°

dimension of the kernels of these matrices is an easy linear algebra exercise. We obtain that
the matrix for 16-coclique is non-degenerate, and the matrix for Ky 19 has one-dimensional

kernel. O

We also need to use certain spectral arguments to compute the rank in other situations. A

key observation is that if e := (1,1,...,1) is an eigenvector of the adjacency matrix A, then
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any eigenvector v corresponding to a different eigenvalue is orthogonal to e, and hence Jv is

the zero vector.
Lemma 4.15. If G is a (40,12,2,4) strongly reqular graph, then rank(B(G)) = 16.

Proof. If A is the adjacency matrix of G , it has eigenvalue 12 of multiplicity 1 with eigenvector

e, eigenvalue 2 of multiplicity 24, and eigenvalue —4 of multiplicity 15 (by (2.3)—(2.6)). We

notice that e is the eigenvector of B(G) = =z A+ I 4 (J — I — A) with eigenvalue 2:

~ 4 7
B =—-——12+14+—40—-1-12 = 2e.
(G)e ( L2+l 45( 0 )) e =2e

Any eigenvector v of A corresponding to the eigenvalue 2 will be an eigenvector for B(G) with

eigenvalue 0 (here we use the observation that v is orthogonal to e, hence Jv is zero):

~ 4 7
B(G)v = <_EQ+1+E(O_ 1 —2)) v = Ov,

and the dimension of this eigenspace is 24. Finally, if v is an eigenvector of A for the eigenvalue

. . . . 38‘
—4, then v is an eigenvector for B(G) with eigenvalue 3::

~ 4 7
@)= (=5 + 1+ 501 (-1) ) v =To,
and the multiplicity is 15. The sum of the multiplicities of non-zero eigenvalues is 16. U

By C; we denote the (undirected) I-cycle. The spectrum of Cj is {2cos(2mj/l)}._; (see,
e.g. [BH12, Section 1.4.3]). Clearly, the spectrum of a disjoint union of cycles will be the union

of the spectra.

Lemma 4.16. If G is a disjoint union of n cycles with 20 vertices in total, then rank(B(é)) =
21 —n.

Proof. If A is the adjacency matrix of é, then e is the eigenvector of A corresponding to

the eigenvalue 2. The multiplicity of this eigenvalue is n by the preceding discussion on the

structure of the spectrum of G. Observe that e is an eigenvector for B(G) with eigenvalue 8.

49

B(G)e = (—i2 +1+ 1(20 —1- 2)) e=e.

15 45

We can choose n — 1 linearly independent eigenvectors of A corresponding to the eigenvalue 2

so that each such vector v is orthogonal to e. Then v is an eigenvector of B(G) with eigenvalue
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Zero:

~ 4 7
B(G)v = <—EQ+ 1+E(O_ 1 —2)) v = Ov.

It remains to show that any eigenvector v of A corresponding to an eigenvalue A # 2 is an

eigenvector of B(G) with a non-zero eigenvalue. This is straightforward:

~ 4 - 7 ~ 19 <
B(G)v = (_B)\ +1+ E(O —1- )\)) v = _E(/\ —2)v.

So zero is an eigenvalue of B(G) of multiplicity (n — 1), hence rank(B(G)) =20 — (n — 1) =
21 —n. U

5. REDUCTION TO SRG(40,12,2,4) OR 16-COCLIQUE OR K10 AS A SUBGRAPH

Theorem follows immediately from the following four lemmas. Recall that N(z) and

N'(z) are the sets of neighbors and non-neighbors of a vertex z, respectively.

Lemma 5.1. If G is a SRG(76,30,8,14), then there is a subgraph G of G satisfying one of
the following statements:

(i) G is a SRG(40,12,2,4), and for any z € G\ G both N(2) NG and N'(z) NG are 4-reqular
subgraphs on 20 vertices, and |N(z1) N N(z2) N é[ = 8 for any adjacent z1, 29 € G\ G; or

(i1) G is a 16-coclique; or

(iii) G is a Kgo.

Recall that n-coclique is a graph with n vertices without edges, and K,,,, is the complete

bipartite graph with two components with m and n vertices respectively.

Lemma 5.2. If G is a SRG(76,30,8,14), there cannot be an induced subgraph G C G which
is a SRG(40,12,2,4), and, in addition, for any z € G\ G both N(z)Nn G and N'(z)n G are
A-reqular subgraphs on 20 vertices, and |N(z1) NN (22) NG| = 8 for any adjacent 2,z € G\ G.

Lemma 5.3. 16-coclique cannot be an induced subgraph of SRG(76,30,8,14).
Lemma 5.4. Kg19 cannot be an induced subgraph of SRG(76,30,8,14).

In this section we will prove Lemma [5.1] only.

Proof of Lemmal[5.1. Let G be a (76,30,8,14) strongly regular graph, Gy C G be the ver-
tices of K, existing due to Corollary [3.4] Apply Lemma with H = Gy, noting that by
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Corollary we have d; = 0 with j > 5. More specifically, by Corollary (i), we get
(b;)j>0 = (0,36,36,0,...).

The above argument can be used to establish Proposition 1.7 Indeed, as the choice of K is
arbitrary, since by = by = 0, we immediately obtain Proposition [4.7] selecting as K, arbitrary
four vertices of K5 — e [[not containing the missing edge]]. Now we come back to our Lemma.

For j = 1,2, we define by G, the subgraph of G \ Gy with vertices connected to exactly j
vertices of GGy. Note that G is partitioned into G, G, and Gs.

Next we claim that {Gy, G1, G} is an equitable partition of G with degree matrix

3 1 2
(51> D{Go,Gl,Gz} = 9 11 18
18 18 10

(In particular, G; and G, are regular graphs with regularity 11 and 10 respectively.) The first
row is already established, the rest is an easy consequence of strong regularity with very similar
calculations in each case. For example, we will illustrate how to obtain 10-regularity of Gs.
Take a vertex x € Gg, let t be the number of neighbors of z in G. Since G is 30-regular, there
are 28 — t neighbors of z in G (two in Gy). Calculating the number of paths of length 2 that

start at  and end in Gy in two ways, we get
2-34+(28—t)-14t-2=2-8+2-14,

which yields ¢ = 10, as required. Terms in the left hand side correspond to paths with middle
vertex in G, 1, Go, respectively. Terms in the right hand side correspond to the cases whether
the terminal vertex from Gy is connected to x or not, and use parameters of strong regularity
of G.

Now we consider two cases depending on whether G5 contains a triangle.

Case 1. G, has no triangles. Then we will show that G := G\ G, is SRG(40,12,2,4).
For any vertex x € G let H, C G5 be the vertices adjacent to z. By , we always have
|H,| = 18. As G3 has no triangles, strong regularity of G provides that each edge of G5 belongs
to exactly 8 triangles, where all 8 third vertices belong to G. Therefore, the average number of
edges in 18-vertex subgraphs H, over all z € G is precisely % = 36 (here 180 is the number
of edges in G and 40 = |G|). Let w be the number of edges in H, for some fixed z € G. If
r & Gy, we will use Lemma [4.5| with 7 = {Gy, H,, {}}. In notations of Lemma {4.4] we have
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the cardinalities (my, mg, m3) = (4,18,1) and the edge matrix

6 2-18 1
E = w 18
0

Now by Lemmas and and straightforward computations (see the supplied SAGE work-
sheet for these and subsequent computations), we obtain det M (m, p,q) = 7= (36 —w) > 0, so
w < 36. As 2 € G was arbitrary, due to the above computation of the average value of w, we
obtain w = 2|H,| = 36.

For any = € G with 7 = {Go, H,, {z}} we have det M (7, p,q) = 0 and using notations of
Lemmawe can set (A1, Ao, A3) = (1,1/4,1). If z € G; is adjacent to x, then e; = e3 = 1, so
by Lemma [£.8, e = 6. If z € Gy is not adjacent to z, then e; = 1, e3 = 0, and by Lemma [£.§]
ea = 10. Similar computations can be performed if z € Gy also using Lemma [£.8] leading to
the same conclusion about e;. In summary, for any z € é, the number of neighbors of z in
H, is equal to 6 or 10 when z is or is not adjacent to x, respectively. Therefore, any pair of
adjacent vertices in G has 8 common neighbors in GG, 6 of which are in G, therefore exactly
8 — 6 =2 are in G. Similarly, any pair of non-adjacent vertices in G has exactly 14 — 10 =4
neighbors in G. Tt readily follows from that G is a regular graph of degree 12, so G is
SRG(40,12,2,4).

To complete Case 1, it remains to show that for any z € G5 both N(z) NG and N'(2) N G
are 4-regular subgraphs on 20 vertices, and that |N(z;) N N(z3) N G| = 8 for any adjacent
21, 29 € Gs.

Indeed, |N(z)| = 30, and by G, is 10-regular, so [N(z) NG| = |N'(2) NG| = 20. As G,
has no triangles, N(z) NG9 is a 10-coclique, therefore, as N(z) is 8-regular, there are exactly
8-10 = 80 edges between N(z) N G and N(z) N G. Moreover, this implies that there are
exactly 120 — 80 = 40 edges in N(z) N G. Now we claim that N(z) NG is regular, which would
imply the 4-regularity as we know the total edge count in this subgraph on 20 vertices to be
40. Let z; € R' be the Euclidean representation of vertex i € &, which is SRG(40, 12,2, 4),
and then holds with p = % and q = —%. Taking X := ZieN(z)ﬁé x;, we obtain

1 1
X-X:2O—0—806—3OO§:0,
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so X -x; =0 for any i € N(2) N G, implying regularity. Each vertex ¢ € N(z) N G has 4
neighbors in N(z) N G, hence 8 neighbors in N’(z) N G. This directly leads to the fact that
N'(z)Nn G also has 40 edges, hence, it is 4-regular by the same arguments.

Finally, if 21, 20 € G5 are adjacent, then since Gy has no triangles, all 8 common neighbors
of z; and 29 are in G.

Case 2. (G, has a triangle G3. There will be several subcases depending on how Gy is
connected with G3. For each vertex in GGg, we consider the number of its neighbors in G5, and
record the resulting 4-tuple in descending order. We classify the subcases using such 4-tuples.
As (G5 C (s, each vertex of (G5 is connected to exactly two vertices of Gy, so the sum of the
entries of such 4-tuples is always 6, and each entry does not exceed 3. We consider the cases in
the reverse lexicographical order.

The subcase (3,3,0,0) is impossible due to Corollary as the two vertices that have three
neighbors in G3 would form a K5 subgraph together with Gs. Similarly, (3,2, 1,0) is impossible
due to Proposition as we can find a K5 — e as a subgraph.

All of the remaining subcases begin with application of Lemma for a certain H either
for H = Go U G35 or for a closely related graph. We will use the notations of that Lemma, in
particular, (d;);>o is the sequence of frequencies of degrees in the subgraph H and (b;);>¢ is
the sequence of frequencies of numbers of neighbors from H for the vertices in G \ H.

Subcase (3,1,1,1). Take H = Gy U G3. We have (d;);>0 = (0,0,0,0,6,0,1,...). Each
vertex in G \ H is either in G; or Gy, so it has either one or two neighbors in Gy. Therefore,
bp = 0 and bg = b; = 0. Next we claim that b5 = 0. Indeed, otherwise, consider a vertex
x € G'\ H connected to five vertices from H, two must be from G and three from Gs. If y is
the vertex of GGy connected to all three vertices from G3, then x, y and G3 form either a K5, or
a K5 — e, so we get a contradiction by Proposition 4.7 Now we can apply Corollary (iii),
and get (b;);>0 = (0,0,27,42,0,...).

As above, let y € G|y be the vertex of degree 6 in H, so y is connected with every other vertex
of H, moreover, every other vertex has degree 4 in H. There are 30 — 6 = 24 vertices of G\ H
connected to y, let G4 be the set of such vertices. We write G4 = G5 U Gg, where G5 is the
set of vertices with 2 neighbors in H (1 neighbor in H \ {y}) and G is the set of vertices with
3 neighbors in H (2 neighbors in H \ {y}). We have |G5| + |Gg| = 24. Since G4 U H \ {y} is
8-regular, each vertex of H \ {y} has 5 neighbors in G4. Counting the edges between G4 and
H \ {y}, we obtain |G5| + 2|G¢| =5 - 6, so |G5| = 18 and |G| = 6.
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Let w be the number of edges in Gg. Take m = {Gg, H \ {y},{y}} and use Lemma In
notations of Lemma , we have the cardinalities (mq, ma, m3) = (6,6, 1) and the edge matrix

w 12 6
&= 9 6
0

Now by Lemmas and , we obtain det M (m, p,q) = —s52w > 0, so w = 0. Therefore,
det M (m,p,q) = 0, and computing the kernel of M (7, p, q), we can set (A1, Ay, A3) = (1,4,8) in
notations of Lemma [1.8, Let G7 be the set of 9 = by — |G5| = 27 — 18 vertices from G \ H
having exactly 2 neighbors in H. We apply Lemma for any z € G5. Obviously, z is not
adjacent to y and has exactly 2 neighbors in H \ {y}, so e = 2 and ez = 0, then by Lemma
e; = 6. This means that any vertex of G; is adjacent to any vertex of Gg. Clearly, y is
adjacent to all vertices of Gg and not adjacent to any of the vertices of GG;. To establish that
the subgraph G¢ U G7 U {y} is Kg 19, it remains to show that there are no edges in G7 U {y}.
Take 7 = {G7 U {y},Gs}, let w be the number of edges in G7 U {y}, then by Lemmas
and det M(m,p,q) = 1123156w > 0, therefore w = 0, which completes the proof for the
subcase (3,1, 1,1) exhibiting a Kg19 subgraph.

Subcase (2,2,2,0). Let Gg be the set of the three vertices of Gy with degrees 5 in Gy U G3.
We take H = Gg U G3. Note that H is 4-regular on 6 vertices. We will show that if G contains
such H as a subgraph, then there is a 16-coclique in G. We have (d;);>0 = (0,0,0,0,6,0,...).
For any z € G\ H, take m = {H, {z}}, let w be the number of neighbors of = in H. Then
Er = (12%), and by Lemmasand , det M(m,p, q) = — 555z (19w —42)* 4+ % > 0, providing
1<w<3,ie,by=0by=b;=---=0. By Corollary- i), (bj);>0 = (0,0,54,16,...). Let
Gy be the set of 16 vertices having 3 neighbors in H. Take m = {Gy, H}, let w be the number
of edges in Gg. Then &, = (¥ {5), and by Lemmasmand. 4.5, det M (m,p,q) = —32w >0, so
w = 0, and Gy is the required subgraph.

Subcase (2,2,1,1). Take H = G, U G5. We have (d;);>0 = (0,0,0,0,5,2,...). For any
r € G\ H, take m = {H,{z}}, let w be the number of neighbors of z in H. Then &, = (%Y%),
and by Lemmas and , det M(m,p,q) = 2025(19w — 42)? + }—g > 0,501 < w <4,

, bp = bs = bg = --- = 0. By Corollary - iv), either (b;);>0 = (0,0,28,40,1,...) or
(b;);50 = (0,1,25,43,0,...).
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If (bj);>0 = (0,0,28,40,1,...), let y € G\ H be the vertex with exactly four neighbors in H.
There are two possibilities: either y € G or y € Gs.

Suppose y € G. For any = € Gy \ G, there are exactly two neighbors in Gy, and as b5 = 0
and by = 1 while y # x, there is at most one neighbor of x in G3. Let Gy be the set of such
x € Gy \ Gz having no neighbors in G3, and G1; be the set of x € G5 \ G3 with exactly one
neighbor in G3. Recall that G5 is 10-regular and G3 C G5. Therefore, each vertex of G3 has
exactly 8 neighbors in G11, and |G| = 24. Hence, |G1o| = |Ga| — |Gs| — |G11| =36 —3—-24 = 9.
Further, by (5.1), y has 18 neighbors in Gs, so at least 18 — |G| — |G| = 6 of them belong to
Gh1. Let Gy be any 6 vertices from Gy connected to y. We claim that G2 UG1oU{y} is K 10.
Take m = {G12,G3,Go,{y}}, let w be the number of edges in G12. In notations of Lemma ,

we have the cardinalities (mq, ms, m3, my) = (6,3,4, 1), and the edge matrix

w 6 12 6
3 6 3
Er =
6 1
0

Now by Lemmas and , we obtain det M (7, p,q) = —%w > 0, so w = 0. There-
fore, det M (7, p,q) = 0, and computing the kernel of M (m,p,q), we can set (A1, Ao, Az, A\g) =
(1,4,4,4) in notations of Lemma , and apply that lemma for any z € G with (eq, e3,e4) =
(0,2,0). We obtain e; = 6, that is the number of neighbors of z in G5 is exactly 6. So, G2
has no edges, and each vertex of G1p U {y} is connected to all six vertices of G15. Using the
same argument as in the end of the subcase (3,1,1,1), we obtain that there are no edges in
Gho U {y}, so G2 UGy U {y} is the required Kg 1 subgraph.

Now suppose that y € G5. Then the set G153 of neighbors of y in GGy consists of exactly two
vertices. Recalling that we are considering the subcase (2,2,1,1), there are three situations
depending on the number of neighbors of G153 in G3. Analogously to the notation for subcases,
we denote these situations as (2,2), (2,1), and (1,1).

In the situation (2,2), we note that each of the three vertices of G153 U {y} has exactly two
neighbors in G3 (recall that y has exactly 4 neighbors in Gy U G5, two of which are in G),
so repeating the proof of subcase (2,2,2,0) with H = G13 U {y} U Gy, we can establish the

existence of a 16-coclique in G.
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In the situation (2,1), (we temporarily use H, (b;), (d;) to denote different values from
what they were assigned at the beginning of the current subcase) take H = Gy U G3 U {y}.
Then (d;);>0 = (0,0,0,0,3,4,1,...). For any x € G \ H, take 7 = {H,{z}}, let w be the
number of neighbors of z in H. Then & = (%), and by Lemma and Lemma [4.5]
det M(7,p,q) = =555 (19w — 56)2 4+ 2 > 0,50 2 < w < 4, ie., by = by =bs =bg = --- = 0. By
Corollary (v), we get (b;);j>0 = (0,0,7,56,5,...). Let G14 be the set of 5 vertices of G \ H
each connected to exactly 4 vertices of H. Take m = {G14, H}, then &, = (¥ %)), where w is
the number of edges in GG14. By Lemma and Lemma , det M(m,p,q) = —%w + % >0,
so w = 0. Let y; be the vertex of GGi3 with exactly two neighbors in G5, we have 6 neighbors of

yr in H\{y}. Take m = {{w1}, G14, H \ {y1}}, let w be the number of edges between y; and
G14, then

0 w 6
Er = 0 20-w |,
13
and by Lemma and Lemma det M (m,p,q) = —%uﬂ — %w > 0,s0w=0. We

have that {y;} U G4 is a 6-coclique, next we wish to find 10 vertices each connected to all
vertices of {y;} U G14. Recalling that b3 = 7, we denote by G5 the 7 vertices of G\ H
each having exactly 3 neighbors in H. Returning to our partition 7, with w = 0 we have
det M(m,p,q) = 0, and computing the kernel of M (7, p,q), we can set (A1, Ay, A3) = (5,1,4) in
notations of Lemma and apply that lemma for any z € G5 with either (e1,e3) = (0,2) or
(e1,e3) = (1,1). We find that in the first case e; = 6, which is impossible, so must be in the
second case, then e; = 5. Therefore, any z € G15 is connected to all vertices of {y;} U Gyy.
It remains to find 3 more vertices to form the desired 10. The graph H has 3 vertices of
degree four, denote them by Gi5. We refine the partition 7 splitting H \ {y;1} by redefining
7= {{y1}, Gs, G16, H \ ({y1} UG16)} and apply Lemma [4.8 (with (A1, A2, A3, Ma) = (5, 1,4,4))
for any z € G4 with either (e, eq) = (0,4) or (e1,e4) = (1,3). We again obtain the impossible
es = 6 in the first case, so we must have e; = 1 and ey = 5, which shows that z is connected
to all {y1} U G14. Using the same argument as in the end of the subcase (3,1, 1,1), we obtain
that there are no edges in the subgraph G5 U Gig, so {y1} U G14 U G15 U Gyg is the required
Kg 10 subgraph.

In the situation (1, 1), we also take H = GoUG3U{y}, but now (d;);>0 = (0,0,0,0,2,6,...).

As total number of edges in H is the same as in the situation (2,1) (namely, 19), we argue
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similarly to obtain that by = by = b5 = bg = --- = 0. By Corollary (vi), we get (b))j>0 =
(0,0,8,54,6,...). Let Gy7 be the 6 vertices of G\ H each having exactly 4 neighbors in H, and
let G1s be the 8 vertices of G\ H each having exactly 2 neighbors in H. Take m = {G17, H},
then & = (*33), where w is the number of edges in Gy7. By Lemma and Lemma [4.5]
det M(m,p,q) = —%w > 0, so w = 0. Then we have det M(7,p,q) = 0, and computing the
kernel of M (m,p,q), we can set (A, A2) = (1,4) in notations of Lemma and apply that
lemma for any z € Gz with es = 2 to obtain e; = 6. So, every vertex of Gig is connected to
all vertices of GGy7, which is a 6-coclique. We need two more such vertices, let GG19 be the two
vertices of H having degree 4 in H (one is y, and another one is in G3 not connected to y).
Take m = {G17, H\ G19, G19} and (A1, Ao, A3) = (1,4,4), apply Lemmafor any z € Gg with
es = 4 to get e; = 6. Therefore, any vertex of Gz U (Gqg is connected to all vertices of Gz,
hence, as in the end of proof of the subcase (3, 1,1, 1), the subgraph G15U G1g is a 10-coclique.
In the summary, G17 U G1g U Gy is the required K ;9 subgraph.

This completes the treatment of the (subsub-) case (b;),;>0 = (0,0, 28,40, 1, ... ) in the subcase
(2,2,1,1), where, we recall that H (and, consequently, the corresponding (b;) and (d;)) was
set as H = Gp U (5. So now we assume that (b;);>0 = (0,1,25,43,0,...) with this H. Define
y € G\ H as the vertex with exactly one neighbor in H. Recall that G5 C Gy and Gy is
10-regular. Hence, let Ggy be the set of 24 vertices of G \ G3 that have exactly one edge to G5
(each of the three vertices of G5 is connected to some 8 vertices of Gy \ G3), note that there
is no vertex of G \ G connected to more than one vertex of G due to by = bs = 0. Clearly
y € Gy, and by , there are 18 edges from y to G5, and in particular, at least 6 vertices of
G are not connected to y. Let Gy be any such 6 vertices. Take 7 = {Ga1, G, Go, {y}}, let w

be the number of edges in G, then

w 6 12 0
3 6 0
Sﬂ': )
6 1
0

and by Lemma and Lemma , we obtain det M (7, p, q) = — 3018y > 0, so w = 0. There-

50625
fore, det M (7, p,q) = 0, and computing the kernel of M (m,p,q), we can set (A1, Ay, Az, \g) =
(1,4,6,—4) in notations of Lemma . Note that among 43 vertices with exactly 3 neighbors in

H, there are 24 (G9) from Go, and hence 19 from G;. But as G is 11-regular, there are at least
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19 — 11 = 8 vertices from these 19 not connected to y. Denote any set of such 8 vertices as Gas.
Now we apply Lemma for any z € Gay with (es,e3,e4) = (2,1,0) and get e; = 0, so there
are no edges from Gog to Go;. Let Gag be the subgraph consisting of one vertex that has degree
5in H and is not connected to y. Refining 7 as 7 = {Ga1, G3, Go \ Gas, Gaz, {y}} and taking
(A1, A2, Az, Ag, As) = (1,4,6,6,—4) we apply Lemmafor 2 € Gog with (eq,e3,e5) = (2,3,0)
to get e; = 0, 80, Gag is not connected to Go;. Next we take m = {Gao, G3, Go, {y}}, denote by

w the number of edges in G99, observe that

w 16 8 0
3 6 0
é;T - >
6 1
0

and by Lemma and Lemma , we obtain det M (m, p, q) = — 1308y 4 109741 > (50 w = 0.

50625 455625

To show that {y} U Gz UGa U Gag is a 16-coclique, it only remains to verify that there are no
edges between Gy and Ga3. This is quite straightforward using already established structure.
Indeed, take m = {Gla3, Gaa, G3,Go \ Gas, {y}}, set w to be the number of edges between Ga3
and Gog, then

0 w 2 3 0
0 16 8—w 0
En = 3 4 0f,
3 1
0
and by Lemma and Lemma , we obtain det M (7, p,q) = —2123708312215102 — 2%15700321722510 >0, so
w = 0. This completes the proof of the subcase (2,2, 1,1), and thus, of the lemma. Il

6. THE CASE OF SRG(40,12,2,4)

Proof of Lemma[5.4 Suppose G is a SRG(76,30,8,14), GCcGisa SRG(40,12,2,4), for any
z € G\ G both N(z) NG and N'(z) N G are 4-regular subgraphs on 20 vertices, and that
IN(21) N N(2) N G| = 8 for any adjacent 2,2 € G\ G. By Lemma , rank B(G) =
rank(lin({z;, i € G})) = 16, where z; € R™® is the Euclidean representation of i € G. For
je G\ G, denote by ', the projection of x; onto lin{z;,i € é} For ;M i@ ¢ G\ G, our
goal is to find the dot products x;.’(l) . x;,'(g), where 2% = x; — ’; is the projection of z; onto the

orthogonal complement of lin{x;,7 € G~’}, which is a 18 — 16 = 2-dimensional Euclidean space.
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Fix j € G\ G. Apply Proposition to the equitable partition 7 = {N(j) NG, N'(j) NG},
where by assumption |[N(j) N G| = |N'(j) N G| = 20 and the degree matrix is D, = (8%).

Solving the system ([(4.7) with (a1, a2) = (1,0), we get (a1, a2) = (—35, 15), which means

x;:—é Z ~xz~—i—1—18 Z ~a7i.
1EN(J))NG 1EN'(H)NG
Now take ;) i) ¢ G\ é, denote the corresponding partitions by 7Y and 7(?), and apply
Proposition m To simplify the right-hand side of , we first note that by strong regularity
of G and our assumption all values |G|, €uw and e, a5 can be computed in terms of
n;w e = |G| = |G§1),G§2)\ = IN(GO)NN(GP)NG| and eju) j@ = e, the number of edges
in G1. Indeed, it straightforward that [G11| = |G| = 10 jo, |Gia| = |Gl = 20 —n,0) @),
€11 = €, ;(, €12 = €21 = 40 — €;(m (2, €22 = 8713-(1),]‘(2) — €@, €1,1,12 = €1121 = €1211 =
€21,1,1 = 4nj<1),j(2> - 2€j(1>,j(2>, €1,122 = €221,1 = 4nj(1)7j(2) + 2€j(1>7j(2), €1222 =€2122 = €2212 =
€2221 = —4n,m o + 2e;0) @), and finally ey 2971 = €21,12 = 160 — 2n;0) jo) + 2€;0) jo)- Non-
negativity of the above values implies that e;u) ;o) = 2n;a) j@), but even without use of this

relation, simplifying the right hand side of (4.12]) we obtain

19 52

!/ / _ T _
Tiw " L) = 2707%-(1),]'(2) 31

Our construction yields n;u) ;e = 20 if 7 = @ 50 with the above notations we can apply

Proposition (.13 to see that all projections z7, j € G \ é, have the same Fuclidean norm,

which means they belong to a (2-dimensional, planar) circle. For convenience, we define the

. . . !
normalized projections z’” := —.
Rl P

Next, using (#.10)), if 7 and j® are adjacent, then (by assumption) njm @ = 8, S0 :163({1) .

x;’é) = —%. If 5 and j® are disjoint, then x;.’(l) -x;.’(’2> = —f—onju)’j@) + g Fix j € G\ G.
Take any j, j&) € G\ G such that - x;.’(l) = —% and z" - ZL‘;/(Q) = —% (for example, j can be

adjacent to both () and j®). We can assume that 2" is (1,0) in R?, then each of :13;((’” and

x;’ém can be either (—%,2) or (—3,—2). We claim that both possibilities cannot be attained.

: m mo 7 : _ 52 S s : . ~
Indeed, otherwise Ty Tz = 55 leading to n;a) j = %, which is not integer. So, alli € G\ G

such that z{" - 27 = —% (in particular, neighbors i of j) have the same projection /", which is

cither (—%,2) or (—3,—2). Now, ifi € G\ G is disjoint with 7, but they both have a common

neighbor in G\ G, we use the above argument for that neighbor to get that zj" = 27, But if

i =

i€ G\ G is disjoint with j and has no common neighbors in G\ G~', then all common neighbors
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are in G, hence n; ; = 14, and so z}" - 2"

J
values: (1,0) and one of (—3,£2).

= —% In summary, {z}",i € G\ é} attains only two

But then clearly
Z 1 (0 0)
ieG\G

On the other hand, ) .., x; = 0 and zj = (0,0) for i € G, so

2: "o

ieG\G

which is a contradiction that completes the proof of the lemma. Il

7. THE CASE OF 16-COCLIQUE

Proof of Lemma[5.3. Suppose Gis a 16-coclique in G, which is SRG(76,30,8,14). Similarly
to the proof of Lemma we apply Lemma to see that rankB(é) = rank(lin({z;, i €
G})) = 16, where 2; € R'® is the Euclidean representation of i € G. For j € G\ G, denote
by ' the projection of z; onto lin{z;,i € é} For ;M i@ ¢ @ \ é, we will compute the dot
products x;’(l) -x;’@), where 27 = x; — 2, is the projection of z; onto the orthogonal complement
of lin{x;,7 € G}, which is a 18 — 16 = 2-dimensional Euclidean space.

Next we claim that for any j € G\ G, we have |[N(j) NG| = |[N'(j)) NG| = 8. It is
convenient to use the dual Euclidean representation of GG, namely for any ¢ € G there exists

€ RY satisfying ([2:8) with (p,¢) = (&, —%). Then (X,c52)" = 1641615 72 = 0, hence
0=z (D,caz) = %(|N(]) NG| —|N'(j)NG]), and the claim follows.

For a fixed j € G\ G we apply Proposition m to the equitable partition 7 = {N(j) N
G, N'(j)NGY, where IN(j)NG| = [N'(j)NG| = 8 and the degree matrix is trivially D, = (99).
Solving the system with (a1, a2) = (1,0), we get (a1, 2) = (—+t, +=). Now take j1), j@ €
G\ é, denote the corresponding partitions by 7! and 73, and apply Proposition . We
clearly have that all e, , and e, 45 are zeroes, and with njm j@ = |G11] we immediately

obtain |G1’1’ = |G272’ = nj(1)’j(2), ’GLQ‘ = ’G2,1| =8 — nj<1),j(2>. Now by "

19 112
($Qna$Qm>::——n<n-u>—-——<
J J 90 77 135

If j( ] , then nja) j2 = 8, S0 with the above notations we can apply Proposition to

see that all projections z7, j € G'\ G have the same Euclidean norm, which means they belong
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to a (2-dimensional, planar) circle. For convenience, we define the normalized projections

2= ’”3/
J HZ"II

Using (@.10)), if @ € {0,1} is the number of edges (adjacency) between ;) and j®, then

mn " 3 : te d
Thy * ey = —5N50 5@ + 7 —a € [~1,1], which, as n;u) ;e is integer, leads to one of the

following four possibilities:

1, if nj(1)’j(2) =2and a = 1,

71 " W — 5 if nj(1),j(2) =3 and a = 1,
(7.1) Tiw) " L) = '
1, if n0) jo =4 and a =0,

—=, if n;w ;@ =95 and a = 0.

In particular, x;.'(’l) : x;’{Q) € {1,—1}, so that there are only three possible values for xf, j €

G\ CN;, which are the vertices of an equilateral triangle inscribed into the unit circle. Now let
{H,, Hy, Hy} be the partition of G \ G such that the value of 27’ is the same for any j in one
component of the partition. Without loss of generality, =" = (cos(t7/3),sin(tr/3)), j € H,
t = 1,2,3. Arguing as in the end of the proof of Lemma , we have Z]GG\G 2 = (0,0),
which implies |H;| = |Hs| = |H3| = 20.

It is sufficient to work with H;, but the same statements are valid for the other two compo-
nents of the partition.

First we show that Hy is 2-regular. For any i € G, we have N (i) € G\ G and |N(i)| = 30. We
claim that | N ()N H;| = 10. By applying projections to (2.10]), we have that > 2 = (0,0),

therefore there will be equal number of elements of N(i) in each part Hy, Hs, and Hs, in

JEN(7)

particular, [N (i) N Hy| = 10. Next let w be the number of edges in H;, then computing
the number of paths of length 2 originating and terminating in H; going through é, we have
16 - M =w-2+ (190 — w) -4, so w = 20. Using the Euclidean representation of G' in R57,
(D icm, ) = 20+ 40 - & + 340 - 7+ = 0, hence for any j € Hy we have z; - (3,0, %) =
14+ £ |N(G) N H |+ 7 (19 — |N(j) N Hyl|), implying that |N(j) N Hy| = 2, so H; is 2-regular.
Any 2-regular graph is a union of cycles.

Next we show that if C is a cycle of length [ in Hy, then for any i € G, we have [N (i)NC)| =
[/2, in particular [ is even and is not less than 4 (there is no cycle of length 2). We know
that |N(i) N Hy| = 10, so if H; consists only of one cycle, we are done. Otherwise, it is

enough to show for any two cycles C}, and Cj, in H; of lengths [, and [, respectively, we have
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li/ls = |[N(i) N Cy,|/IN (i) N Cl|, i.e., the lengths are proportional to the number of neighbors
(the sum of the lengths is 20 and the total number of neighbors is 10). Let a; = |N(i) N C},],
t = 1,2. We use the Euclidean representation of G' in R'8 recall that then (p, q) = (—%, 4—75),
hence, 1 4 2p — 3¢ = 0. Therefore,

2

by =L Y x| =B +2hp+ 1 —3h)q) — 233g+ 5(la + 2Lp + (I3 = 3L2)q) =0,

jECll jGCZQ

and

0=z |l Z r;—h Z zj | =la(ap+ (b — a1)q) — li(azp + (2 — a1)q) = (laar — Liaz)p,

JjeCy, Jj€Ci,

yielding the desired [ /ls = a;/as.

We are now in position to use Lemma . As all projections x;»’ , 7 € Hy, are the same, and
they are projections onto a 2-dimensional subspace of R'®, we have rank(lin({z;, j € H1})) <
17, so by Lemma [4.16], there are at least 4 cycles in Hy. Therefore, there are only the following
three possibilities for the lengths of the cycles: 5 cycles of length 4, or two cycles of length 6
and two cycles of length 4, or one cycle of length 8 and three cycles of length 4. In either of
the cases, there is a cycle Cy C H; of length 4, which will suffice for us to complete the proof.

Suppose that G = {g1,...,916}. For i € Hj, define A(i) as the 8-element subset of
{1,2,...,16} such that N(i) NG = {g, : t € A®i)}. By (7). if 4,5 € H; are adjacent,
then |A(i) N A(j)| = 2; and if 4,5 € H; are disjoint, then |A(7) N A(j)| = 4. It is not hard to
see that without loss of generality (by permutation of indexes) we can assume that our Cy has

the following representation:

{A@i):ieCy={{1,2,3,4,5,6,7,8},{1,2,9,10,11,12,13, 14},

{5,6,7,8,13,14,15,16},{3,4,9,10, 11,12, 15, 16} }.

Now let 9 be the collection of all 8-element subsets of {1,2,...,16}, then || = (186) = 12870.
Consider the following graph on 9t: two vertices Ay, Ay € 9t are adjacent if and only if | A1 N Ay
is either 2 or 4. We fix My := {A(3) : i € Cy}, |My| = 4, and define My = {A € M : M, C
N(A)}, where N(A) denotes all neighbors in our graph on 9. Clearly, {A(i) : ¢ € Hy \ C4} is
a 16-clique in 2M;. We obtain a contradiction by showing that the largest clique in 9, has size
15.
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To this end, we use the mathematical software Sage, in particular, the function clique number
returning the order of the largest clique of the given graph, which is based on the Bron-Kerbosch
algorithm [BK73|. Note that 9t can be easily generated, it has 906 vertices and 176672 edges.
The procedure’s running time is well under one hour on a modern personal computer. See [BPR]

for the source code and the output. O

Remark 7.1. One can use the second cycle of length four to reduce the problem to graphs
of smaller size that would not require the use of the more sophisticated algorithms for the
computation of the largest clique. However, this would lead to a more complicated programming

and longer running time.

8. THE CASE OF Kg 19

Proof of Lemmal[5.4. Let Gis a Kg10 and a subgraph of G, which is SRG(76,30,8,14). Let
6’1 be the 6-coclique in é, and 62 be the 10-coclique in é, so that G = él U 6’2. As before,
we apply Lemma m to see that rankB(G) = rank(lin({z;, i € G})) = 15, where z; € R!8
is the Euclidean representation of i € G. For j € G\ é, denote by x’; the projection of x;
onto lin{z;,i € G}. For jV j@ e G\ G, we will compute the dot products ) - &), where
v = x; — ), is the projection of x; onto the orthogonal complement of lin{x;,i € G'}, which is
a 18 — 15 = 3-dimensional Euclidean space.

Next we show that for any j € G\ G, we have [N(j) N Gy| = 2 and [N(j) N Gs| = 4.
The partition 7 = {G1, Gs of G has edge matrix & = (9 %). Then, with (p,q) = (=15, ),
in the notations of Lemma [4.4] M det M (m,p,q) = 0. Therefore, we can compute the kernel of
M(m,p,q), set (A1, A2) = (1,2/3) and z = j in notations of Lemma[4.8] By (4.4) of that lemma,
57|N(j)NGy|+38|N () NG| = 266. We apply the same procedure for the dual representation,
with (p,q) = (55, —1£), and obtain another linear equation —|N(j) N Gi| + IN(G) N Gs| = 2.
The two equations immediately lead to the claimed [N ()N G;| = 2 and [N (j) N Gs| = 4. Note
that during the proof we established that », .~ x; + 3 Zieég x; = 0.

Now, with fixed j € G\ é’ we will apply Proposition to the equitable partition 7 =

{NG) NGy, N'(j) NGy, N(j) N Ga, N'(j) N Gs}, where the degree matrix is

pﬂ:< )

Due to linear dependence ). ied, Ti T 3 Z = (0, we can expect a one-parametric fam-

NNOO
Y =]
OO
ocooo

ZEGQ
ily of the solutions of the system (4.7) with (al,a2,a3,a4) = (1,0,1,0). Indeed, we get
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(a1, g, (g, ) = (gr — %, %r %,r — %,7‘), r € R, and it is convenient to assume that a; = ag,

1 —;11, i), so we also have that

which is achieved by taking r = i, then (aq, o, as, ay) = (—}1, i

a9 = y. We established that
(8.1) AL N Y
) J 4 1 4 B 7
. NG

Now take j j@ e G\ G, define the partitions 7 = {N(;®) N G, N'(;W) N G} and
7@ ={N(G@)N G, N'(i®P)n é} and apply Proposition m To simplify the right-hand side
of ([8), we use two variables: n; = [N(jM) N N(®)NGy| and ny = [N(GD) N N(GP) N Gy.
The structure of G then implies n;w) o = |G11| = n1 + ng, Gio = Gog = 6 —ny — no,
44+ n;+ng, €11 = nng, €12 = €21 = (2—n1)(4 —na), €22 = (2+n1)(2 + na), 1112 =
e1121 = €1211 = €2111 = M (4 —n2) +n2(2 —n1), €1122 = 2211 = n1(2 + ng) + n2(2 + ny),
€1222 = €2122 = €2212 = €2221 = (2 —n1)(2 +n2) + (4 —n2)(2 +ny), and finally €195 =

ea112 = 2(2 —ny)(4 — ny). Simplifying the right hand side of (4.12)), we obtain

, , 19 43
Liw) L) = gon]u),j(z) 90"

We have n;a) je = 6if 7 = @ 5o with the above notations we can apply Proposition |4.13[to
see that all projections z7, j € G'\ G have the same Euclidean norm, which means they belong

to an Euclidean sphere in three dimensions. More specifically, by (8.1 . we have (r;,17) =

1 1 71 "2 _ 112 — 71 19 43 _ 19 :
—76p+ 710 = g5, therefore ||27|* = [[z; — 2)||* =1 - 255+ 556 — 55 = 55 For convenience,
x//
we define the normalized pIOJectlons xf = f,”

(|
Next, using ([4.10), if /M and j@ are disjoint, then :163({1) -:13;.’(’2> = —n;u @ +3. I 71 and

. 2 . /// /// . . . . . .
j( ) are adjacent, then Loy - Tz =~ j@) + 1. Since n;a) 2 is an integer, this implies that

zy, - :13”(’2) can only take one of the three values from {—1,0, 1}.

(
] Therefore, it is easy to see that the possible values of x
dron in R?, so without loss of generality we can assume that 2} € {(£1,0,0), (0,41,0), (0,0, +1)},
jeG\G. Let H ={iecG\G:z" = (1,0, 0)} and Hy = {i € G\ G : 2 = (—1,0,0)}.
Arguing as in the end of the proof of Lemma [5.2] we have > . jca\G T 2 =1(0,0,0). Then clearly

|Hi| = |Ha|. We use (2.9) with y = ! for some fixed i € Hj. Clearly, xj-af =0forje G.

7,7 €GN G, are vertices of an octahe-

7
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On the other hand, for j € G, we have (recall that ||z7|| = 29[| = 1/ 50)
Vs, ifjeH,
" 7
/. 1 (/+H>‘ //_xj'xi_H //H meoonm_ 19 AP
Lj- Ty = ”x//H Ly T XLy) Ty = Hx//H =TIy Ty = § — 907 if j € Hy,
7 1
0, otherwise.

Thus, by (2.9), so(|Hi1| + |Ha|) = 12, so |H:| = |H,| = 10.

We keep 7 € H; fixed, and choose arbitrary ¢t € H;. By for z;, we have x; +
%ZjEN(t) z; = 0, and multiplying by 2, we obtain 4/ (14 (|N(t) N Hy| — |N(t) N Hs|)) = 0,
so [N(t) N Hy| = 8+ |N(t) N Hy| for any ¢t € H,. Similarly, |N(t) N Ha| = 8 + |N(t) N Hy| for
any t € Hs.

There is only a finite number of possible subgraphs H; U Hj satisfying |H;| = |Hz| = 10 and
the conditions that |N(¢)NH;| = 8+|N(t)NHy| for any t € Hy and [N (t)NHy| = 8+ |N(t)NH,|
for any t € Hy. The main idea for the completion of the proof is to verify that all (or almost
all) such subgraphs U = H; U Hy would fail to satisfy the conditions of Proposition , which
is done with an assistance of a computer algebra system.

To generate all such possible subgraphs, we observe that if we invert the edges between H,
and H,, we obtain a regular graph of degree 2. Indeed, for each vertex ¢ in H; there can be either
0, 1, or 2 edges to other vertices in H; (because | N (t)NHy| = 8+|N(t)NHz| < |Hs| = 10). Then
the number of edges from t to Hy in the inverted graph is 10 — [N (t) N Ho| = 2 — |N(t) N Hy|,
which is 2, 1, or 0, respectively. Any regular graph of degree 2 is a union of cycles, which
significantly simplifies generation of all required subgraphs.

If w is the number of edges in Hy, then there are 80 + 2w edges between H; and Hs, and,
hence also w edges in Hy. With 7 := {Hy, Hy}, the edge matrix is &, = (% 8}2%), and by
Lemma —%w—k 198@ >0,s0w < 3.

Now let us briefly describe the computer verification that there can be no subgraphs H; and
H, satisfying the above restrictions. We begin with generating all possible decompositions of
20 into the sum of integers not smaller than 3. This gives all possibilities for decomposition of
H, U H, with inverted edges into the union of cycles. For each possible length of cycle (between

3 and 20), we generate all possibilities of assigning a vertex to either H; or H,, ignoring

all assignments where the total number of consecutive pairs of vertices assigned to the same
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subgraph H; or Hy exceeds 3 (each such pair gives an edge). We need to generate only non-
isomorphic assignments, which reduces the number of required possibilities. Next we combine
the prepared data, generate Hy U Hy as union of cycles, invert edges between H; and Hy, and
for each resulting possibility we perform three checks: (i) the number of edges in H; is equal
to the number of edges in Hs and does not exceed 3; (ii) the rank of (x; - z;); jem,un, does not
exceed 16; (iii) the smallest eigenvalue of (x; - ;); jem,um, is non-negative. The conditions (ii)
and (iii) must be valid by Proposition There will be only four cases when all of the above
conditions are satisfied, namely, when there are five cycles of length 4.

To handle the remaining cases, we show that there is a vertex ¢ € G; such that [N(f) N
H,| = |N(t) N Hy| < 3. Then, as verified by the computer, it turns out that the rank of
(w; - )i jemumuyy is at least 17, which is a contradiction. We want to remark that the
computations needed for this lemma take less than 15 minutes on a modern personal computer.
It only remains to justify existence of ¢ € Gy such that [N(t) N Hy| = |N(t) N Hy| < 3. First,
let t € G be arbitrary. By for xz;, we have x; + % ZjeN(t) x; = 0, and multiplying by z/”,
where i € Hy, we obtain |N(t) N Hy| = |N(t) N Hz|. But recall that for any vertex j € H; U Ho,
we have [N () NG| = 2, so there are 40 edges between Hy U Hy and Gy. Hence, there must be

te él with no more than %0 neighbors in H; U Hy, and the claim follows. [l
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